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1. (4%,4%,4%) Show that
(a) 6(=x)=0(x),

where f'(x) is assumed to have only simple zero,

1
®) o(f ()= Z ‘ df ‘é(x =% located at x = X,
E ()Cl.)
(c) 6(x*—a*)= ﬁ[é(x —a)+6(x+a)] [Hint: use the result of (b)]
a

2. (4%, 6%) A vector function v =r? cos&F + 7> cos #0 —r> cos Osin ¢ .
(a) Find V-v in spherical coordinate
(b) Check the divergence theorem, Sﬁv-da = I (V-v)dr, using as

your volume one octant of the sphere of radius R. Write down

all the surface integrals explicitly.

3. (4%, 4%, 4%, 4%) A metal sphere of radius R, carrying charge g, is surrounded by a thick
concentric metal shell (inner radius a, outer radius b). The shell carries no net charge.
(a) Find the surface charge density o at R, at a, and at b.
(b) Find the electric field at following two regions R<r<a and r>b.
(c) Find the potential at the center (7 =0 ), using the infinity as the reference point.
(d) If the outer shell is grounded, what is the potential of the inner sphere and what is the
new surface charge density at b, o(b)?

4. (4%, 4%, 4%)
(a) Prove the normal component of E is discontinuous at any boundary, using Divergence
theorem.
(b) Prove the tangential component of E is always continuous, using Stoke’s theorem.
(c) Write down the normal and tangential component of electric fields immediately

outside a metal surface with surface charge density o .




5. (4%, 4%, 4%) The ratio of the magnitude of the charge on one conductor to the magnitude
of the potential difference is called the capacitance, C. Find the capacitance of
(a) two large, flat, conducting sheets of area A4, separated by a small distance d;
(b) two concentric conducting spheres with radii a, b (b>a);
(c) two concentric conducting cylinders of length L, large compared to their radii a, b
(b>a);

6. (7%, 7%) Separation of variable in spherical coordinate:

(a) Two concentric conducting shells with radii a, b (b>a). The inner shell is connected to
a potential of ¥, while the outer shell is grounded. Find the potential at a<r<b, and

r>b.
(b) The potential V(R,,0)=V,sin’ @ is specified on the surface of a metal sphere, of
radius R, . Find the potential outside the sphere. [Hint: use Legentre polynomials]

P(x)=0, B(x)=x, and P,(x)=(3x* —1)/2

7. (4%, 5%, 5%) Two infinitely long grounded metal plates, again at y=0 and y=a, are

connected at x=tb by metal strips maintained at a constant potential V), as shown in the

figure.
(a) Write down the boundary conditions. PSS
(b) Write down the general solutions. v 4 l:
(c) Find the potential inside the pipe. A ; Ve

o g

8. (4%, 3%, 3%) An idea electric dipole p is situated at the origin, and points in the z
direction. An electric charge g, of mass m, is released from rest at a point in the xy plane.
The potential of the dipole is V(r)=(l/47e,)(pcos 6?/ r*) and the gravitational force
points in the —z direction.

(a) Find the electric force between the dipole and the charge.
(b) Find the total force (electrical and gravitational) on the charge.

(c) Find the electrical potential energy.
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@ [ f@de==[" f=30dy =] f(=3)3(x)dv=£(0)
Eof (xX)8(x)dx= f(0) .. O(—x)=05(x)

(b)

If

| e@atsndr=3 [ g

(x—x;))dx
[ x = )

= jjfjg(xw(%

(r—x))dx = g(x)
x d

dx

[ g5 (o) = Zj g(x) = S(f(x)= Zf@“‘ )

i

(c) Letf(x)=x>—a’, 6(f(x))= Z;é(x—xi) =ﬁ[5(x—a)+5(x+a)]
i |df a
dx|,
2.
(@)  v=r?cosOF +r* cosg®—r? cos Osin g
Vv =i2£(r2r2 cos @) +— i(sin Or’ cos @) +— i(—r2 cos @sin @)
r-or rsin@ 06 rsiné 0¢

=4rcosH+rcésecos¢—rCésecos¢=4rcosn9
sin @ sin @
3 (R 5 . B 417[_7[]34
(b) | (V-v)dz=| 4rcosfdr=["[""[" 4rcos6r sinOdrdodg =R 57
4
$v-da=[ R’ cosOR’ sin0d0d TR [ (2 cosgyrdrdg Sy
Sy 4 S, @O=% 4
2 . 2 . T 1 4
+ J. (—r? cos Osin 0)rdrd6(=0)+ J. (=r* cos 6’sm—)rdrdt9(:——R j
S @4=0 S, @g=% 2 4
_ R
4
3.
q —-q q
a) o(R)=——, o(a)= , and o(b)=——
@ o(R)=,1r. o@=_"1 b)=7"
(b) Use Gauss's law, we obtain E = p g > for both two regions, R<r <a and r 2 b.
TTE ¥




(©) V(r)=-[ E-dr. V(O):V(R):—jbE-dr—jRE.dr=L(l+l_l)
. . . »

4re, b R
r R qg ,1 1
d V(r)=—| E-dr, V(R)=—| E-dr= —
(d) V() =- (R)=-[ i B Q)
ob)=0
4.
. . . , 0 oA
(a) Consider a Gaussian pillbox. Gauss’s law states that C_‘;SE .da==2c =~
€y o

The sides of the pillbox contribute nothing to the flux, in the limit as the thickness € goes to

cA o

1 L _ 5 L L —
Zer0. (Eabove o Ebelow)A - c (Eabove - Ebelow) - €
0 0

(b) Consider a thin rectangular loop. The curl of the electric field states that (f)PE -dl=0

The ends gives nothing (as —€0), and the sides give (E| -E/ Y =0 = E! =E/

above below above below
E. =2
. . . O . above —
(c) Inside a metal, the electric field is zero E_, , =0,s0 E, .=—n = &,
) E! 0

S.

@ V=£i=2q4 c=2-51
A d

&y

© V=] Edr=--2- L) c-Losn, 2

4re, a b Vv b-a
() V:—jbE~dr= 0 lné, C=2=27750L/lnb
a 2re,l  a 4 a
6.
(a)




@) V(a)=V,
Boundary condition < (ii) V'(b) =0
(iii) V' (0)=0

General solution V(r,0) =Y (4" +B,r"""")P,(cos §) = 4, + B, 1
=0 r
a<r<b
) 1 ab
B.C.(i) > A4,+B,—=V, B, =V, - A
“ 0 = b-a .y =L -1+
B.C. (ii) —> 4, +B,~=0 A=V, b=ar
b b—a
r>b
B.C. (ii) —>A0+BO%:O - {AO:O SV ()=0
B.C. (iii) — 4, =0 B, =0

(b)
() V(R,,0)=V,sin’ 0

Boundary condition { (i) im V(r,0)=0

General solution V(r,0)= z (A" +B,r""")P (cos )
=0

B.C. (i) > 4,=0
B.C. (i) = B,R;," + BR,> cos @+ B,R,* (3 cos’ - 1) =V, (1-cos’ 0)
BR —21B.R =V, [B,=3R,

IBRY =V,  ={B=0
B,=0 Bzz_%RgVo
2RV, 2RV,

S V(r,0) =%— f}% % P,(cos6)

(a) (1) V=0 wheny=0,
(i) V¥ =0 wheny =a,
(iii) V' =V, when x =0,
(iv) V' =V, when x = -b.

1 ’X 10%Y
b) V(x,y)=X(x)Y = — +——>=0
) V) =X@Y0) = Tor s
2
ia)z(:k2 = X(x):Aekx+Be_kx
X ox
2
la—)::—kz = Y(y)=Csinky+ Dcosky
Y oy
V(x,y)=(A4e" + Be™)(Csin ky+ Dcos ky)

(©)




B.C.(1) = sinka=0, k="7 n=1,2,3,..

a

B.C.(ii) = D=0

B.C.(iii) + B.C.(iv) are symmetric, so A = B = (A4e™ + Be™) = A cosh(kx)
V(x,y)=Y_C,cosh(kx)sin ky

B.C.(iv) V,=>.C, cosh(%b) sin(% 3)

T rSin(ﬂy)ng h -t b
a cosh(nzb/a) a @ cosh(" py N7 "7 cosh(™ b)
a a
Vg =ty LM G

7 5% n cosh(nzb/a)

1 pcosé

2

(@) F,=g-E=—¢VV and V =

drg, r
oV, 10V, 1 or. p { 2cosf , sin&“}
=—T+—0+———¢= - r-——=0
or rof rsinf 0¢ 4re,
F - qp {2(:0:01: smB&é}
4rg,

\44

3
r r

r r

(b) F, =-mgz=mg(—cos6f +sin69), F, =

qp [2003S6’f s1n36’é}

dme, | 1 r
2 . . a
F,.=F,+F =(-mg+ el T)cosor + (mg + eld 7)sin 60
4rg,r 4rg,r
(¢) U, =mgz=mgrcos, U, = b cos;l9 U, =(mgr+ ap >)cosd
£ dre, Are,




